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PARAMETRIZING RECOLLEMENT DATA
PEDRO NICOLA´S AND MANUEL SAORI´N
Abstract. We give a general parametrization of all the recollement data for
a triangulated category with a set of generators. From this we deduce a char-
acterization of when a perfectly generated (or aisled) triangulated category
is a recollement of triangulated categories generated by a single compact ob-
ject. Also, we use homological epimorphisms to give a complete and explicit
description of all the recollement data for (or smashing subcategories of) the
derived category of a k-flat dg category. In the final part we give a bijec-
tion between smashing subcategories of compactly generated triangulated cat-
egories and certain ideals of the subcategory of compact objects, in the spirit
of H. Krause’s work [33]. This bijection implies the following weak version of
the generalized smashing conjecture: in a compactly generated triangulated
category every smashing subcategory is generated by a set of Milnor colimits
of compact objects.
1. Introduction
1.1. Motivations. The definition of t-structure and recollement for triangulated
categories was given by A. A. Beilinson, J. Bernstein and P. Deligne in their work
[2] on perverse sheaves. The notion of t-structure is the analogue of the notion
of torsion pair [10, 47, 4] for abelian categories. Accordingly, the ‘triangulated’
analogue of a torsion torsionfree(=TTF) triple [20, 47, 4], still called TTF triple,
consists of a triple (X ,Y,Z) such that both (X ,Y) and (Y,Z) are t-structures. In
general, TTF triples on a triangulated category D are in bijection with (equivalence
classes of) ways of expressing D as a recollement of triangulated categories, and
with smashing subcategories of D for instance when it is perfectly generated.
One of the aims of this paper is to give a parametrization of all the TTF triples
on triangulated categories of a certain type including those which are well (or
even perfectly) generated. This parametrization might result naive but neverthe-
less, together with B. Keller’s Morita theory for derived categories [23], it yields
a generalization of some results of [11, 21] and offers an unbounded and abstract
version of S. Ko¨nig’s theorem [30] on recollements of right bounded derived cate-
gories of algebras. In a forthcoming paper we will study the problem of descending
the parametrization from unbounded to right bounded derived categories, and the
corresponding lifting.
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The following facts suggest that, in the case of derived categories, a more so-
phisticated parametrization is possible:
1) TTF triples on categories of modules are well understood and a tangible param-
etrization of them was given by J. P. Jans [20].
2) A natural proof of J. P. Jans’ theorem uses P. Gabriel’s characterization of
categories of modules among abelian categories [12], which is at the basis of
Morita theory.
3) P. Gabriel’s characterization admits a ‘triangulated’ analogue which was proved
by B. Keller, who developed a Morita theory for derived categories of dg cate-
gories in [23] (and later in [24, 25],. . . ).
4) It seems that derived categories of dg categories play the roˆle, in the theory
of triangulated categories, that module categories play in the theory of abelian
categories.
Then, another aim of this paper is to give a touchable parametrization of TTF
triples on derived categories of dg categories by using B. Keller’s theory, and to
elucidate their links with H. Krause’s parametrization [31, 33] of smashing subcat-
egories of compactly generated triangulated categories. For this, we use a general-
ization of the notion of homological epimorphism due to W. Geigle and H. Lenzing
[13]. Homological epimorphisms appear as (stably flat) universal localizations in
the work of P. M. Cohn [9], A. H. Schofield [45], A. Neeman and A. Ranicki [39],
. . . Recently, H. Krause has studied [33] the link between homological epimorphisms
of algebras and: the chain map lifting problem, the generalized smashing conjecture
and the existence of long exact sequences in algebraic K-theory. Homological epi-
morphisms also appear in the work of L. Angeleri Hu¨gel and J. Sa´nchez [1] on the
construction of tilting modules induced by ring epimorphisms.
1.2. Contents. In section 2, we fix some terminology and recall some results on
triangulated categories, emphasizing B. Keller’s work [23, 25] on derived categories
of dg categories. We prove, however, some apparently new results which measure
the distance between “compact” and: ‘self-compact’, “perfect”, “superperfect”. In
section 3, we introduce the notion of recollement-defining class (subsection 3.1) and
prove how to find recollement-defining sets in aisled triangulated categories (sub-
section 3.2) and in perfectly generated triangulated categories (subsection 3.3).
In subsection 3.4, recollement-defining sets enable us to parametrize all the TTF
triples on a triangulated category with a set of generators, and all the ways of
expressing a ‘good’ triangulated category as a recollement of compactly generated
triangulated categories. In section 4, we introduce the notion of homological epi-
morphisms of dg categories, generalizing the homological epimorphisms of algebras
of W. Geigle and H. Lenzing [13]. We easily prove that this kind of morphisms al-
ways induce a TTF triple, which allows us to give several examples of recollements
for unbounded derived categories of algebras which were already known for right
bounded derived categories (cf. S. Ko¨nig’s paper [30]). Conversely, we prove that
every TTF triple on the derived category of a k-flat dg category A is induced by a
homological epimorphism starting in A. This correspondence between TTF triples
and homological epimorphisms keeps a lot of similitudes with the one accomplished
by J. P. Jans [20] for module categories. In section 5, we state a parametrization of
smashing subcategories of a compactly generated algebraic triangulated category
which uses the main results of subsection 3.4 and section 4. Finally, in section 6, we
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analyse how idempotent two-sided ideals of the subcategory Dc of compact objects
appear in the description of TTF triples on a compactly generated triangulated
category D. More concretely, in Theorem 6.2 we prove that an idempotent two-
sided ideal of Dc, which is moreover stable under shifts in both directions, always
induces a nicely described TTF triple on D. This, together with assertion 2’) of
H. Krause’s [31, Theorem 4.2], gives a short proof of a result (cf. Theorem 6.4.2)
in the spirit of H. Krause’s bijection [33, Theorem 11.1, Theorem 12.1, Corollary
12.5 and Corollary 12.6] between smashing subcategories and special idempotent
two-sided ideals. As a consequence (cf. Corollary 6.4.2), we get the following weak
version of the generalized smashing conjecture: every smashing subcategory of a
compactly generated triangulated category is generated by a set of Milnor colimits
of compact objects. Another consequence (cf. Corollary 6.4.3) is that, when D is
algebraic, we recover precisely H. Krause’s bijection.
1.3. Acknowledgements. We are grateful to Bernhard Keller for several discus-
sions concerning dg categories.
2. Notation and preliminary results
Unless otherwise stated, k will be a commutative (associative, unital) ring and
every additive category will be assumed to be k-linear. We denote by Mod k the
category of k-modules. Given a class Q of objects of an additive category D, we
denote by Q⊥D (or Q⊥ if the category D is clearly assumed) the full subcategory
of D formed by the objects M which are right orthogonal to every object of Q, i.e.
such that D(Q,M) = 0 for all Q in Q. Dually for ⊥DQ. When D is a triangulated
category, the shift functor will be denoted by ?[1]. When we speak of “all the shifts”
or “closed under shifts” and so on, we will mean “shifts in both directions”, that is
to say, we will refer to the nth power ?[n] of ?[1] for all the integers n ∈ Z. In case
we want to consider another situation (e.g. non-negative shifts ?[n] , n ≥ 0) this
will be said explicitly. We will use without explicit mention the bijection between
t-structures on a triangulated category D and aisles in D, proved by B. Keller and
D. Vossieck in [29]. If (U ,V [1]) is a t-structure on a triangulated category D, we
denote by u : U →֒ D and v : V →֒ D the inclusion functors, by τU a right adjoint
to u and by τV a left adjoint to v.
2.1. TTF triples and recollements. A TTF triple on D is a triple (X ,Y,Z) of
full subcategories of D such that (X ,Y) and (Y,Z) are t-structures on D. Notice
that, in particular, X , Y and Z are full triangulated subcategories of D. It is well
known that TTF triples are in bijection with (equivalence classes of) recollements
(cf. [2, 1.4.4], [38, subsection 9.2], [41, subsection 4.2]). For the convenience of the
reader we recall here how this bijection works. If
DF i∗ // D
i!
cc
i∗
{{ j∗ // DU
j!
cc
j∗
{{
expresses D as a recollement of DF and DU , then
(j!(DU ), i∗(DF ), j∗(DU ))
4 PEDRO NICOLA´S AND MANUEL SAORI´N
is a TTF triple on D, where by j!(DU ) we mean the essential image of j!, and
analogously with the other functors. Conversely, it is straightforward to check that
if (X ,Y,Z) is a TTF triple on D, then D is a recollement of Y and X as follows:
Y y // D
τY
bb
τY
|| τX // X ,
x
bb
zτZx
||
Notice that for a TTF triple (X ,Y,Z) the compositions X x→ D τ
Z
→ Z and Z z→
D τX→ X are mutually quasi-inverse triangle equivalences (cf. [41, Lemma 1.6.7]).
2.2. Generators and infinite de´vissage. Let D be a triangulated category. We
say that it is generated by a class Q of objects if an object M of D is zero whenever
D(Q[n],M) = 0
for every object Q of Q and every integer n ∈ Z. In this case, we say that Q is a
class of generators of D and that Q generates D.
If D has small coproducts, given a class Q of objects of D we denote by TriaD(Q)
(or Tria(Q) if the category D is clear) the smallest full triangulated subcategory
of D containing Q and closed under small coproducts. We say that D satisfies the
principle of infinite de´vissage with respect to a class of objects Q if it has small
coproducts and D = Tria(Q). In this case, it is clear that D is generated by Q.
Conversely, the first part of the following lemma states that under certain hy-
pothesis ‘generators’ implies ‘de´vissage’.
Lemma. 1) Let D be a triangulated category with small coproducts and let D′ be
a full triangulated subcategory generated by a class of objects Q. If Tria(Q) is
an aisle in D contained in D′, then D′ = Tria(Q).
2) Let D be a triangulated category and let (X ,Y) be a t-structure on D with tri-
angulated aisle.
2.1) If Q is a class of generators of D, then τY(Q) is a class of generators of
Y.
2.2) A class Q of objects of X generates X if and only if the objects of Y are
precisely those which are right orthogonal to all the shifts of objects of Q.
Proof. 1) Given an object M of D′ there exists a triangle
M ′ →M →M ′′ →M ′[1]
with M ′ in Tria(Q) and M ′′ in Tria(Q)⊥D . Since M ′ and M are in D′, then so is
M ′′. But D′ is generated by Q, which implies that M ′′ = 0 and so M belongs to
Tria(Q).
2) Left as an exercise.
√
2.3. (Super)perfectness and compactness. An object P of D is perfect (respec-
tively, superperfect) if for every countable (respectively, small) family of morphisms
Mi → Ni , i ∈ I, of D such that the natural morphism
∐
IMi →
∐
I Ni exists the
induced map
D(P,
∐
I
Mi)→ D(P,
∐
I
Ni)
is surjective provided every map
D(P,Mi)→ D(P,Ni)
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is surjective. Particular cases of superperfect objects are compact objects, i.e.
objects P such that D(P, ?) commutes with small coproducts.
The following lemma is very useful. It shows some links between t-structures
and (super)perfect and compact objects. First we remind the following definitions.
Let D be a triangulated category. A contravariant functor H : D → Mod k is
cohomological if for every triangle
L
f→M g→ N → L[1]
the sequence
H(N)
H(g)→ H(M) H(f)→ H(L).
is exact. We say that D satisfies the Brown’s representability theorem for cohomol-
ogy if every cohomological functor H : D → Mod k taking small coproducts to small
products is representable.
Lemma. 1) Let D be a triangulated category and let (X ,Y) be a t-structure on D
with X triangulated and such that the inclusion functor y : Y →֒ D preserves
small coproducts. If M is a perfect (respectively, superperfect, compact) object
of D, then τYM is a perfect (respectively, superperfect, compact) object of Y.
2) The adjoint functor argument: Let D be a triangulated category with small co-
products and let D′ be a full triangulated subcategory of D closed under small
coproducts and satisfying the Brown’s representability theorem. In this case D′
is an aisle in D. In particular, if P is a set of objects of D which are perfect in
Tria(P), then Tria(P) is an aisle in D.
Proof. 1) is well known [37, Lemma 2.4] for the case of compact objects. Using the
adjunction (y, τY) it also follows easily for the case of (super)perfect objects.
2) If
ι : D′ →֒ D
is the inclusion functor, for an object M of D we define the functor
H(?) := D(ι(?),M) : D′ → Mod k,
which takes triangles to exact sequences and coproduct to products. Then, by
hypothesis this functor is represented by an object, say τ(M) ∈ D′. By Yoneda
lemma it turns out that the map M 7→ τ(M) underlies a functor D → D′ which
is right adjoint to ι. Therefore, by [29, subsection 1.1] we have that D′ is an
aisle. Finally, if P is a set of objects of D which are perfect in Tria(P), then by
H. Krause’s theorem [32, Theorem A] we know that Tria(P) satisfies the Brown’s
representability theorem.
√
Remark. By using Lemma 2.2 and the lemma above we have the following: if a
triangulated category D with small coproducts is generated by a set P of objects
such that Tria(P) is an aisle in D (e.g. if the objects of P are perfect in Tria(P)),
then it satisfies the principle of infinite de´vissage with respect to that set, i.e.
D = Tria(P).
A triangulated category with small coproducts is perfectly (respectively, super-
perfectly, compactly) generated if it is generated by a set of perfect (respectively,
superperfect, compact) objects. A TTF triple (X ,Y,Z) on a triangulated category
with small coproducts is perfectly (respectively, superperfectly, compactly) generated
if so is X as a triangulated category.
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2.4. Smashing subcategories. Let D be a triangulated category with small co-
products. A subcategory X of D is smashing if it is a full triangulated subcategory
of D which, moreover, is an aisle in D whose associated coaisle X⊥ is closed under
small coproducts. It is proved in [41] that this agrees with probably more standard
definitions of “smashing subcategory”.
Smashing subcategories allow to transfer local phenomena to global phenomena:
Lemma. If M is a perfect (respectively, superperfect, compact) object of a smashing
subcategory X of a triangulated category D with small coproducts, then M is perfect
(respectively, superperfect, compact) in D.
Proof. Use that a small coproduct of triangles associated to the t-structure (X ,X⊥)
is again a triangle associated to this t-structure.
√
Now we fix the notation for a particular kind of construction which will be crucial
at certain steps. Let D be a triangulated category and let
M0
f0→M1 f1→M2 → . . .
be a sequence of morphisms of D such that the coproduct∐n≥0Mn exists in D. The
Milnor colimit of this sequence, denoted by McolimMn, is given, up to non-unique
isomorphism, by the triangle∐
n≥0
Mn
1−σ→
∐
n≥0
Mn
pi→ McolimMn →
∐
n≥0
Mn[1],
where the morphism σ has components
Mn
fn→Mn+1 can→
∐
m≥0
Mm.
The above triangle is said to be the Milnor triangle (cf. [25, 36]) associated to the
sequence fn , n ≥ 0. The notion of Milnor colimit has appeared in the literature
under the name of homotopy colimit (cf. [5, Definition 2.1], [38, Definition 1.6.4])
and homotopy limit (cf. [23, subsection 5.1]). However, we think it is better to
keep this terminology for the notions appearing in the theory of derivators (cf.
[34, 35, 8]).
Proposition. Let D be a triangulated category with small coproducts and let P be
an object of D. The following conditions are equivalent:
1) P is compact in D.
2) P satisfies:
2.1) P is perfect in D.
2.2) P is compact in the full subcategory Sum({P [n]}n∈Z) of D formed by small
coproducts of shifts of P .
2.3) Tria(P )⊥ is closed under small coproducts.
3) P satisfies:
3.1) P is compact in Tria(P ).
3.2) Tria(P )⊥ is closed under small coproducts.
4) P satisfies:
4.1) P is superperfect in D.
4.2) P is compact in Sum({P [n]}n∈Z).
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Proof. 2)⇒ 1) If P is perfect in D, by Theorem A of [32] and the adjoint functor
argument (cf. Lemma 2.3) we know that X = Tria(P ) is an aisle in D. Assumption
2.3) says that X is a smashing subcategory. Thanks to Lemma 2.4, it suffices to
prove that P is compact in X . For this, we will use the following facts:
a) Every object of X is the Milnor colimit McolimXn of a sequence
X0
f0→ X1 f1→ X2 f2→ . . .
where X0 as well as each mapping cone Cone(fm) is in Sum({P [n]}n∈Z).
b) Thanks to the proof of Theorem A of [32] (cf. also the proof of [46, Theorem 2.2]),
if {Xn, fn}n≥0 is a direct system as in a) we know that the natural morphism
lim−→D(P,Xn)→ D(P,McolimXn)
is an isomorphism.
c) Hypothesis 2.2) implies that, for any fixed natural number m ≥ 0, the functor
D(P, ?) preserves small coproducts of m-fold extensions of objects of the class
Sum({P [n]}n∈Z).
Let McolimX in , i ∈ I, be an arbitrary family of objects of X . Then the natural
morphism ∐
i∈I
X (P,McolimX in)→ X (P,
∐
i∈I
McolimX in)
is the composition of the following natural isomorphisms∐
i∈I
X (P,McolimX in) ∼=
∐
i∈I
lim−→
n≥0
X (P,X in) ∼= lim−→
n≥0
∐
i∈I
X (P,X in) ∼=
∼= lim−→
n≥0
X (P,
∐
i∈I
X in)
∼= X (P,Mcolim
∐
i∈I
X in)
∼= X (P,
∐
i∈I
McolimX in)
Hence, P is compact in the smashing subcategory X .
3)⇒ 1) By the adjoint functor argument we know that Tria(P ) is an aisle in D,
and condition 3.2) ensures that, moreover, it is a smashing subcategory. Hence the
lemma above finishes the proof.
4) ⇒ 1) Of course, 4) implies 2), and 2) implies 1). However, there exists a
shorter proof pointed out by B. Keller. Let Mi , i ∈ I, be a family of objects of
D and take, for each index i ∈ I, an object Qi ∈ Sum({P [n]}n∈Z) together with a
morphism Qi →Mi such that the induced morphism
D(P,Qi)→ D(P,Mi)
is surjective. Since P is superperfect, this implies that the morphism
D(P,
∐
I
Qi)→ D(P,
∐
I
Mi).
is surjective. Now consider the commutative square
D(P,∐I Qi) // D(P,∐IMi)
∐
I D(P,Qi)
can≀
OO
//
∐
I D(P,Mi)
can
OO
The first vertical arrow is an isomorphism by assumption 4.2, and the horizontal
arrows are surjections. Then, the second vertical arrow is surjective. But, of course,
it is also injective, and so bijective.
√
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The following result is a consequence of Lemma 2.2 and Lemma 2.3.
Corollary. If D is a perfectly generated triangulated category, then smashing sub-
categories of D are in bijection with TTF triples on D via the map
X 7→ (X ,X⊥, (X⊥)⊥).
Proof. Indeed, if (X ,Y,Z) is a TTF triple, then X is a smashing subcategory since
Y being an aisle is always closed under coproducts. Conversely, if X is a smashing
subcategory, then (X ,Y) is a t-structure on D. But now, by using Lemma 2.2 and
Lemma 2.3 we have that τY takes the set of perfect generators ofD to a set of perfect
generators Y. Therefore, Y is a perfectly generated triangulated category closed
under small coproducts in D, and by the adjoint functor argument we conclude
that Y is an aisle. √
2.5. B. Keller’s Morita theory for derived categories. Let A be a small dg
category (cf. [23, 27]). It was proved by B. Keller [23] that its derived category
DA is a triangulated category compactly generated by the modules A∧ := A(?, A)
represented by the objects A of A. Conversely, he also proved [23, Theorem 4.3]
that every algebraic triangulated category (namely, a triangulated category which
is triangle equivalent to the stable category of a Frobenius category [17, 15, 28, 14,
24]) with small coproducts and with a set P of compact generators is the derived
category of a certain dg category whose set of objects is equipotent to P .
The proof of Theorem 4.3 of [23] has two parts.
First part: it is proved that every algebraic triangulated category admits an
enhancement, i.e. comes from an exact dg category. We say that a dg category
A′ is exact or pretriangulated [26, 27] if the image of the (fully faithful) Yoneda
functor
Z
0A′ → CA′ , M 7→M∧ := A′(?,M)
is stable under shifts and extensions (in the sense of the exact structure on CA in
which the conflations are the degreewise split short exact sequences). If A′ is an
exact dg category, then Z0A′ becomes a Frobenius category and Z0A′ = H0A′ is
a full triangulated subcategory of HA′. B. Keller has shown [26, Example 2.2.c)]
that if C is a Frobenius category with class of conflations E , then C = H0A′ for the
exact dg category A′ formed by the acyclic complexes with E-projective-injective
components over C.
Second part: it proves the following.
Proposition. Let A′ be an exact dg category such that the associated triangulated
category H0A′ is compactly generated by a set B of objects. Consider B as a dg
category, regarded as a full subcategory of A′. Then, the map
M 7→M∧|B := A′(?,M)|B
induces a triangle equivalence
H0A′ ∼→ DB.
The dg category associated to the Frobenius category in the first part of the
proof of [23, Theorem 4.3] is not very explicit. However, many times in practice we
are already like in the second step of the proof, which allows us a better choice of
the dg category. In what follows, we will recall how this better choice can be made.
Let P be a set of objects of DA and define B as the dg subcategory of the exact
dg category CdgA (cf. [27] for the notation) formed by the H-injective or fibrant
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resolutions iP [23, 27] of the modules P of P . Then we have a dg B-A-bimodule
X defined by
X(A,B) := B(A)
for A in A and for B in B, and we have a pair (?⊗B X,HomA(X, ?)) of adjoint dg
functors
CdgA
HomA(X,?)

CdgB
?⊗BX
OO
For instance, HomA(X, ?) is defined by HomA(X,M) := (CdgA)(?,M)|B for M
in CdgA. These functors induce a pair of adjoint triangle functors between the
corresponding categories up to homotopy [23, 27]
HA
HomA(X,?)

HB.
?⊗BX
OO
The total right derived functor RHomA(X, ?) is the composition
DA i→ HiA →֒ HA HomA(X,?)→ HB → DB,
where i is the H-injective resolution or fibrant resolution functor [23, 27], and the
total left derived functor ?⊗LB X is the composition
DB p→ HpA →֒ HB ?⊗BX→ HA→ DA,
where p is the H-projective resolution or cofibrant resolution functor [23, 27]. They
form a pair of adjoint triangle functors at the level of derived categories
DA
RHomA(X,?)

DB
?⊗LBX
OO
The following is an easy consequence of Proposition 2.5.
Corollary. Assume that the objects of P are compact in the full triangulated sub-
category Tria(P) of DA. Then:
1) the functors (? ⊗LB X,RHomA(X, ?)) induce mutually quasi-inverse triangle
equivalences
Tria(P)
RHomA(X,?) // DB
?⊗LBX
oo
which gives a bijection between the objects of P and the B-modules B∧ repre-
sented by the objects B of B,
2) Tria(P) is an aisle in DA with truncation functor given by the map
M 7→ RHomA(X,M)⊗LB X.
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Proof. 1) Since the H-injective resolution functor i : DA ∼→ HiA is a triangle
equivalence, it induces a triangle equivalence between Tria(P) and a certain full
triangulated subcategory of HiA. This subcategory is algebraic, i.e. the stable
category C of a certain Frobenius category C, because it is a subcategory of HA.
Since HA is the H0-category of the exact dg category CdgA, then C is the H0-
category of an exact dg subcategory of CdgA. Moreover, C is compactly generated
by the objects of B. Then, by Proposition 2.5 the restriction of HomA(X, ?) to C
induces a triangle equivalence
C HomA(X,?)→ HB → DB.
The picture is:
H0(CdgA) = HA
DA i∼ // HiA
?
OO
Tria(P) ∼ //
?
OO
C ∼ //
?
OO
DB
The composition of the bottom arrows is the restriction ofRHomA(X, ?) to Tria(P).
Notice that by the adjoint functor argument (cf. Lemma 2.3) Tria(P) is an aisle,
and so Tria(P) = ⊥(Tria(P)⊥). Finally, by adjunction the image of ? ⊗LB X is in
⊥(Tria(P)⊥) = Tria(P). Alternatively, we can use that DB satisfies the principle
of infinite de´vissage with respect to the modules B∧ , B ∈ B, to deduce that the
image of ?⊗LB X is contained in Tria(P). Then, we can prove that
?⊗LB X : DB → Tria(P)
is a triangle equivalence by using [23, Lemma 4.2].
2) Since ? ⊗LB X : DB → DA is fully faithful, the unit η of the adjunction
(? ⊗LB X,RHomA(X, ?)) is an isomorphism. Then, when we apply the functor
? ⊗LB X ◦RHomA(X, ?) to the counit δ we get an isomorphism. This shows that
for each module M in DA, the triangle of DA
RHomA(X,M)⊗LB X δM→ M →M ′ +→
satisfies that RHomA(X,M ′) ⊗LB X = 0. Since ? ⊗LB X is fully faithful, then
RHomA(X,M ′) = 0. That is to say,
RHomA(X,M ′)(P ) = (CdgA)(P, iM ′)
is acyclic for each object P in P . But then, we have
Hn(CdgA)(P, iM ′) = (HA)(P, iM ′[n]) ∼= (DA)(P,M ′[n]) = 0
for each object P of P and each integer n ∈ Z. This implies, by infinite de´vissage,
that M ′ belongs to the coaisle Tria(P)⊥ of Tria(P). √
Remark. This result generalizes [21, Theorem 1.6] and [11, Theorem 2.1]. In-
deed, if A is the dg category associated to the dg k-algebra A and the set P
has only one element P , then B is the dg category associated to the dg algebra
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B := (CdgA)(iP, iP ), the dg B-A-bimodule X corresponds to the dg B-A-bimodule
iP and the triangle equivalence
RHomA(X, ?) : Tria(P ) ∼→ DB
is given by RHomA(iP, ?).
3. Parametrization
3.1. Recollement-defining classes. A class P of objects of a triangulated cate-
gory D is recollement-defining if the class Y of objects which are right orthogonal
to all the shifts of objects of P is both an aisle and a coaisle in D.
Notice that, in this case, one has that the triangulated category ⊥Y is generated
by P thanks to Lemma 2.2.
In the following subsections, we will show how to weaken the conditions imposed
to a set in order to be recollement-defining in some particular frameworks.
3.2. Recollement-defining sets in aisled categories. A triangulated category
D is aisled if it has a set of generators, small coproducts and for every set Q of
objects of D we have that Tria(Q) is an aisle in D.
Lemma. Let D be an aisled triangulated category. Then, for a set P of objects of
D the following assertions are equivalent:
1) P is a recollement-defining set.
2) The class Y of objects of D which are right orthogonal to all the shifts of objects
of P is closed under small coproducts.
In this case Tria(P) = ⊥Y.
Proof. 2)⇒ 1) Since D is aisled, then Tria(P) is an aisle in D. By infinite de´vissage,
we have that the coaisle is precisely Y. If G is a set of generators of D, then by
using Lemma 2.2 we know that τY(G) is a set of generators of Y. Notice that
Tria(τY(G)) is an aisle in D contained in Y. Hence, by Lemma 2.2, it turns out
that Tria(τY(G)) = Y. This proves that Y is an aisle in D. √
In the remainder of the subsection we will show that aisled triangulated cate-
gories do exist and that some of the most familiar triangulated categories are among
them.
First, notice that by using Corollary 3.12 of [43] and the adjoint functor argument
one can prove that every well-generated [38] triangulated category (in particular,
the derived category of any small dg category) is aisled. Therefore, well-generated
triangulated categories form a class of triangulated categories which are aisled by
‘global’ reasons. Let us present a class of triangulated categories which are aisled
by ‘local reasons’. For this we need some terminology.
Let C be a Frobenius category with small colimits. For a set Q of objects of C
we define IQ to be the set formed by the inflations iQ : Q → IQ where Q runs
through Q. We say that Q is self-small if it is closed under shifts (in the stable
category C) and its objects are small relative to IQ-cell (cf. [18, Definition 2.1.3]
for the definition of “small” and [18, Definition 2.1.9] for the definition of IQ-cell).
The smallness condition is interesting since it allows us to construct aisles.
Theorem. If C is a Frobenius category with small colimits and Q is a self-small
set of objects of C, then:
1) Tria(Q) is an aisle in C with associated coaisle given by the class Q⊥C .
12 PEDRO NICOLA´S AND MANUEL SAORI´N
2) The objects of Tria(Q) are precisely those isomorphic to an IQ-cell complex.
The proof of the above theorem can be found in [40]. Here we have more examples
of aisled triangulated categories.
Example. Let A be a small dg category. Then the category of right dg A-modules,
CA, is a Frobenius category (with conflations given by the degreewise split short
exact sequences) such that every set of objects closed under shifts is self-small. To
prove it, one can easily generalize the argument of [18, Lemma 2.3.2]. Notice that
the category of right dg A-modules up to homotopyHA is not aisled since in general
it does not admit a set of generators (cf. [38, Lemma E.3.2]). However, for every
set Q of objects of HA we have that TriaHA(Q) is an aisle in HA and an aisled
triangulated category. In particular, by taking Q to be the set of representable
modules A∧ , A ∈ A, we deduce that DA is aisled.
Remark. It is worth noting that, thanks to Lemma 2.2, if D is an aisled triangu-
lated category and D′ is a full triangulated subcategory of D closed under small
coproducts and generated by a set of objects Q, then D′ = Tria(Q).
3.3. Recollement-defining sets in perfectly generated triangulated cate-
gories.
Lemma. Let D be a perfectly generated triangulated category, P a set of objects
of D and Y the class of objects of D which are right orthogonal to all the shifts of
objects of P. The following assertions are equivalent:
1) P is recollement-defining.
2) Y is a coaisle in D closed under small coproducts.
If P consists of perfect objects, the above statements are also equivalent to:
3) Y is closed under small coproducts.
In this last case Tria(P) = ⊥Y.
Proof. 2)⇒ 1) ⊥Y is a smashing subcategory in a perfectly generated triangulated
category, which implies that its associated coaisle Y is also an aisle (cf. subsection
2.4).
3)⇒ 2) It is clear that Tria(P) is an aisle in D (use the adjoint functor argument,
cf. Lemma 2.3) whose associated coaisle is Y by infinite de´vissage. √
Notice that any set of superperfect (e.g. compact) objects of a perfectly gene-
rated triangulated category satisfies condition 3) of the above lemma, and so it is
recollement-defining.
3.4. Parametrization of TTF triples on triangulated categories.
Proposition. Let D be a triangulated category with a set of generators. Consider
the map which takes a set P of objects of D to the triple
( ⊥Y,Y,Y⊥)
of subcategories of D, where Y is formed by those objects which are right orthogonal
to all the shifts of objects of P. The following assertions hold:
1) This map defines a surjection from the class of all recollement-defining sets onto
the class of all the TTF triples on D.
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2) If D is aisled, then this map induces a surjection from the class of objects P
such that {P [n]}⊥n∈Z is closed under small coproducts onto the class of all TTF
triples on D.
3) If D is perfectly generated, then this map induces surjections from
3.1) the class of perfect objects P such that {P [n]}⊥n∈Z is closed under small
coproducts onto the class of all perfectly generated TTF triples.
3.2) the class of superperfect objects onto the class of superperfectly generated
TTF triples.
3.3) the class of sets of compact objects onto the class of compactly generated
TTF triples.
Proof. 1) Let (X ,Y,Z) be a TTF triple on D and let G be a set of generators of
D. Since τZ(G) is a set of generators of Z (cf. Lemma 2.2), and the composition
Z z→ D τX→ X is a triangle equivalence, then τX zτZ(G) is a set of generators of
X . Now by using Lemma 2.2 we know that Y is the set of objects which are right
orthogonal to all the shifts of objects of τX zτ
Z(G), which proves simultaneously
that τX zτ
Z(G) is a recollement-defining set and that the TTF triple comes from a
recollement-defining set.
2) We use Lemma 3.2 and the fact that if P is a recollement-defining set, then
{∐P∈P P} is also a recollement-defining set which is sent to the same TTF triple
onto which P was sent.
For 3.1) and 3.2) we use the idea of the proof of 2) together with the fact that
the class of (super)perfect objects is closed under small coproducts. For 3.3) we
use Lemma 2.4.
√
Recall that an object M of a triangulated category D is called exceptional if it
has no self-extensions, i.e. D(M,M [n]) = 0 for each integer n 6= 0.
The following corollary generalizes [21, Theorem 3.3], and also [16, Theorem
2.16] via [16, Theorem 2.9].
Corollary. Let D be a triangulated category which is either perfectly generated or
aisled. The following assertions are equivalent:
1) D is a recollement of triangulated categories generated by a single compact (and
exceptional) object.
2) There are (exceptional) objects P and Q of D such that:
2.1) P is compact.
2.2) Q is compact in Tria(Q).
2.3) D(P [n], Q) = 0 for each n ∈ Z.
2.4) {P , Q} generates D.
3) There is a compact (and exceptional) object P such that Tria(P )⊥ is generated
by a compact (and exceptional) object in Tria(P )⊥.
In case D is compactly generated by a single object the former assertions are equi-
valent to:
4) There is a compact (and exceptional) object P (such that Tria(P )⊥ is generated
by an exceptional compact object).
In case D is algebraic the former assertions are equivalent to:
5) D is a recollement of derived categories of dg algebras (concentrated in degree 0,
i.e. ordinary algebras).
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Proof. 1) ⇒ 2) If (X ,Y,Z) is the TTF triple corresponding to the recollement of
1), we can take P to be a compact generator of X and Q to be a compact generator
of Y. Of course, conditions 2.2), 2.3) and 2.4) are satisfied. Finally, by Lemma 2.4,
P is compact in D.
2) ⇒ 1) Since P is compact then Tria(P ) is a smashing subcategory of D.
Conditions 2.3) and 2.4) say that Q generates Tria(P )⊥. Moreover, Tria(Q) is
contained in Tria(P )⊥ and condition 2.2) ensures that Tria(Q) is an aisle in D.
Therefore Lemma 2.2 implies that Tria(P )⊥ = Tria(Q), and so Q is a compact
generator of Tria(P )⊥. Finally, by using either that D is perfectly generated (to-
gether with Lemma 3.3) or that D is aisled (together with Lemma 3.2) we have
that (Tria(P ),Tria(P )⊥, (Tria(P )⊥)⊥) is a TTF triple.
2)⇔ 3) is clear, and 3)⇔ 4) is also clear thanks to Lemma 2.2 and Lemma 2.3.
1) ⇒ 5) We use that, by [23, Theorem 4.3], an algebraic triangulated category
compactly generated by a single object is triangle equivalent to the derived category
of a dg algebra (cf. subsection 2.5).
To deal with the case of exceptional compact objects, one uses that an alge-
braic triangulated category compactly generated by an exceptional object is trian-
gle equivalent to the derived category of an ordinary algebra (cf. for instance [25,
Theorem 8.3.3]).
√
Thanks to Corollary 2.5, the dg algebras announced in 5) can be chosen to be
particularly nice in case D is the derived category DA of a dg algebra A. Indeed,
if P and Q are like in 2) and (X ,Y,Z) = (Tria(P ),Tria(Q),Tria(Q)⊥), then the
picture is
DB
?⊗LB iQ //
Tria(Q)
RHomA(iQ,?)
oo
y // DA
τY
ww
τY
gg
τX // Tria(P )
x
ee
zτZx
yy RHomA(iP,?) // DC
?⊗LC iP
oo
where B is the dg algebra (CdgA)(iQ, iQ) and C is the dg algebra (CdgA)(iP, iP ).
Example. [30, Example 8] Let k be a field and let A = k(Q,R) be the finite
dimensional k-algebra associated to the quiver
Q = (1
α //
2)
β
oo
with relations R = (αβα). One easily check that P := P2 = e2A and Q := S1 =
e1A/e1 rad(A) are exceptional objects of DA and satisfy conditions 2.1)–2.4) of
the above corollary. Now, since the dg algebra (CdgA)(iP2, iP2) has cohomology
concentrated in degree 0 and isomorphic, as an algebra, to C := EndA(P2), its
derived category is triangle equivalent to DC. Similarly, the derived category of
(CdgA)(iS1, iS1) is triangle equivalent to the derived category of B := EndA(S1).
By applying Corollary 3.4, we know that there exists a recollement
DB i∗ // DA
zz
dd
// DC
zz
j!
dd
with i∗B = S1 and j!C = P2.
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4. Homological epimorphisms of dg categories
Let F : A → B be a dg functor between dg categories and suppose the corres-
ponding restriction along F
F∗ : DB → DA
is fully faithful. Let U be the A-B-bimodule defined by U(B,A) := B(B,FA) and
let V be the B-A-bimodule defined by V (A,B) := B(FA,B). Since the functor F∗
admits a left adjoint
?⊗LA U : DA → DB
and a right adjoint
RHomA(V, ?) : DA → DB,
then the essential image Y of F∗ is a full triangulated subcategory which is both an
aisle and a coaisle in DA. This shows that there exists a TTF triple on DA whose
central class Y is triangle equivalent to DB.
In fact, by using Lemma 2.2 and B. Keller’s Morita theory for derived categories
(cf. subsection 2.5), it is clear that the central class of any TTF triple on the derived
category DA of a dg category is always triangle equivalent to the derived category
DB of a certain dg category. We will prove in this section that, up to replacing
A by a quasi-equivalent [48] dg category, the new dg category B can be chosen so
as to be linked to A by a dg functor F : A → B whose corresponding restriction
F∗ : DB → DA is fully faithful.
Let us show first a nice characterization of this kind of morphisms. For this,
notice that a morphism F : A → B of dg categories also induces a restriction of the
form D(Bop ⊗k B)→ D(Aop ⊗k A), still denoted by F∗, and that F can be viewed
as a morphism F : A → F∗B in D(Aop ⊗k A). Let X → A F→ F∗B → X [1] be the
triangle of D(Aop ⊗k A) induced by F .
Lemma. Let F : A → B be a dg functor between small dg categories. The following
statements are equivalent:
1) F∗ : DB → DA is fully faithful.
2) The counit δ of the adjunction (?⊗LA U, F∗) is an isomorphism.
3) The counit δB∧ : F∗(B
∧) ⊗LA U → B∧ is an isomorphism for each object B of
B.
4) F satisfies the following:
4.1) The modules (FA)∧ , A ∈ A, form a set of compact generators of DB.
4.2) X(?, A)⊗LA U = 0 for each object A of A.
5) F satisfies the following:
5.1) The modules (FA)∧ , A ∈ A, form a set of compact generators of DB.
5.2) The class Y of modules M ∈ DA such that (DA)(X(?, A)[n],M) = 0, for
each A ∈ A and n ∈ Z, is closed under small coproducts and (F∗B)(?, A) ∈
Y for each A ∈ A.
Proof. The equivalence 1)⇔ 2) is a general fact about adjoint functors, and impli-
cation 2)⇒ 3) is clear.
3) ⇒ 2) follows from the implications 3) ⇒ 4) ⇒ 2) below. However, there is
a shorter and more natural proof: one can use that DB satisfies the principle of
infinite de´vissage with respect to the B∧ , B ∈ B, and that the modules M with
invertible δM form a strictly full triangulated subcategory of DB closed under small
coproducts and containing the B∧ , B ∈ B.
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3)⇒ 4) It is easy to show that if F∗ is fully faithful, then the objects (FA)∧ , A ∈
A form a set of (compact) generators. Now, for an object A ∈ A we get the triangle
in DA
X(?, A)→ A∧ F→ F∗((FA)∧)→ X(?, A)[1].
If we apply ?⊗LA U then we get the triangle
X(?, A)⊗LA U → (FA)∧ → F∗((FA)∧)⊗LA U → X(?, A)⊗LA U [1]
of DB, which gives the triangle
F∗(X(?, A)⊗LA U)→ F∗((FA)∧)→ F∗(F∗((FA)∧)⊗LA U)→ F∗(X(?, A)⊗LA U)[1]
of DA. The morphism F∗((FA)∧)→ F∗(F∗((FA)∧)⊗LA U) is induced by the unit
of the adjunction (? ⊗LA U, F∗), it is the right inverse of F∗(δ(FA)∧), and it is an
isomorphism if and only if F∗(X(?, A) ⊗LA U) = 0. Since F∗ is fully faithful, then
it reflects both isomorphism and zero objects. Hence, we have that δ(FA)∧ is an
isomorphism for every A ∈ A if and only if condition 4.2) holds.
4) ⇒ 2) Condition 4.1) implies that F∗ reflects both zero objects and isomor-
phisms. By using the same argument as in 3) ⇒ 4), one proves that condition
4.2) implies that δ(FA)∧ is an isomorphism for each A ∈ A. Then condition 4.1)
guarantees that we can use infinite de´vissage to prove that 2) holds.
4), 1)⇒ 5) We know that the essential image Y of F∗ is the middle class of a TTF
triple (X ,Y,Z) on DA. Notice that ? ⊗LA U is left adjoint to F∗ and so it ‘is’ the
truncation functor τY associated to Y regarded as a coaisle. Since X(?, A)⊗LAU = 0
for each A ∈ A, then Tria({X(?, A)}A∈A) ⊆ X . Since A∧ ⊗LAX = X(?, A) is in X ,
by infinite de´vissage we have that the essential image of ? ⊗LA X is in X . Hence,
the triangle
X → A F→ F∗B → X [1]
of D(Aop ⊗k A) induces for each M ∈ DA a triangle
M ⊗LA X →M → F∗(M ⊗LA U)→ (M ⊗LA X)[1]
of DA with M ⊗LAX ∈ X and F∗(M ⊗LA U) ∈ Y. This proves that τX (?) =?⊗LAX ,
and thus Tria({X(?, A)}A∈A) = X .
5)⇒ 4) We want to prove
(DB)(X(?, A)⊗LA U,X(?, A)⊗LA U) = 0 ,
for each A ∈ A, that is to say
(DA)(X(?, A), F∗(X(?, A)⊗LA U)) = 0
for each A ∈ A or, equivalently, F∗(X(?, A) ⊗LA U) ∈ Y for each A ∈ A. But in
fact, F∗(M ⊗LA U) ∈ Y for every M ∈ DA, as can be proved by infinite de´vissage
since Y is closed under small coproducts, F∗ and ?⊗LA U preserve small coproducts
and F∗(A
∧ ⊗LA U) = F∗B(?, A) ∈ Y for each A ∈ A.
√
A dg functor F : A → B is a homological epimorphism if it satisfies the conditions
of the above lemma. From the proof of this lemma it is clear that the recollement
associated to the TTF induced by F is of the form
DB F∗ // DA
?⊗LAU
vv
RHomA(V,?)
hh
τX // X
vv
x
hh
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where x is the inclusion functor, τX (?) =?⊗LA X and X = Tria({X(?, A)}A∈A).
Remark. Our notion of “homological epimorphism of dg categories” is a genera-
lization of the notion of “homological epimorphism of algebras” due to W. Geigle
and H. Lenzing [13]. Indeed, a morphism of algebras f : A → B is a homological
epimorphism if it satisfies:
1) the multiplication B ⊗A B → B is bijective,
2) TorAi (BA, AB) = 0 for every i ≥ 1.
But this is equivalent to require that the ‘multiplication’ B⊗LAB → B is an isomor-
phism in DB, which is precisely condition 3) of the above lemma. Hence, our lemma
recovers and adds some handy characterizations of homological epimorphisms of al-
gebras. Recently, D. Pauksztello [42] has studied homological epimorphism of dg
algebras.
The following are particular cases of homological epimorphisms:
Example. Let I be a two-sided ideal of an algebra A. The following statements
are equivalent:
1) The canonical projection A→ A/I is a homological epimorphism.
2) TorAi (I, A/I) = 0 for every i ≥ 0.
3) The class of complexes Y ∈ DA such that (DA)(I[n], Y ) = 0 for every n ∈ Z is
closed under small coproducts and ExtiA(I, A/I) = 0 for every i ≥ 0.
4) The class of complexes Y ∈ DA such that (DA)(I[n], Y ) = 0 for every n ∈ Z is
closed under small coproducts and ExtiA(A/I,A/I) = 0 for every i ≥ 1.
The first part of conditions 3) and 4) are always satisfied if IA is compact in
DA, i.e. quasi-isomorphic to a bounded complex of finitely generated projective
A-modules. Note that condition 2) is precisely condition 4) of the above lemma.
Also, notice that from TorA0 (I, A/I) = 0 follows that I is idempotent. Conversely, if
I is idempotent and projective as a right A-module (e.g. I = A(1−e)A where e ∈ A
is an idempotent such that eA(1− e) = 0), then condition 2) is clearly satisfied.
The above example contains the unbounded versions of the recollements of Co-
rollary 11, Corollary 12 and Corollary 15 of [30]. In a forthcoming paper we will
prove that all of them restrict to give the recollements of right bounded derived
categories of [30].
Example. Let j : A→ B be an injective morphism of algebras, which we view as
an inclusion. The following statements are equivalent:
1) j is a homological epimorphism.
2) TorAi (B/A,B) = 0 for every i ≥ 0.
3) The class of complexes Y ∈ DA such that (DA)((B/A)[n], Y ) = 0 for every
n ∈ Z is closed under small coproducts and ExtiA(B/A,B) = 0 for every i ≥ 0.
Recall that a dg category A is k-flat if the functor ? ⊗k A(A,A′) : Ck → Ck
preserves acyclic complexes of k-modules for every A,A′ ∈ A. Of course, this is
always the case if k is a field.
Theorem. Let A be a k-flat dg category. For every TTF triple (X ,Y,Z) on DA
there exists a homological epimorphism F : A → B, bijective on objects, such that
the essential image of the restriction of scalars functor F∗ : DB → DA is Y.
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Proof. For each A ∈ A we consider a fixed triangle
XA → A∧ ϕA→ YA → X [1]
in DA with XA ∈ X and YA ∈ Y. Assume that each YA is H-injective. Let C
be the dg category given by the full subcategory of CdgA formed by the objects
YA , A ∈ A. Clearly, these objects define a C-A–bimodule Y as follows:
(Cop ⊗k A)op → Cdgk , (YA′ , A) 7→ Y (A, YA′) := YA′(A),
and the morphisms ϕA induce a morphism of right dg A-modules
ϕA : A
∧ → Y (?, YA).
Let ξ : Y → Y ′ be an H-injective resolution of Y in H(Cop ⊗k A), and let B′ be
the dg category given by the full subcategory of Cdg(Cop) formed by the objects
Y ′(A, ?), A ∈ A. Consider the functor
ρ : Aop → B′,
which takes the object A to Y ′(A, ?) and the morphism f ∈ Aop(A,A′) to the
morphism ρ(f) defined by
ρ(f)(C) : Y ′(A,C)→ Y ′(A′, C) , y 7→ (−1)|f ||y|Y ′(f, C)(y)
for a homogeneous f of degree |f | and a homogeneous y of degree |y|. Since Y ′ is
a C-A–bimodule, then the functor ρ is a morphism of dg categories. It induces a
morphism between the corresponding opposite dg categories
F : A → B′op =: B.
Notice that, for each A′ ∈ A, the functor (CdgA)(?, YA′ ) : CA → Ck induces a trian-
gle functor between the corresponding categories up to homotopy, (CdgA)(?, YA′ ) :
HA → Hk. Moreover, since YA′ is H-injective, then this functor induces a triangle
functor between the corresponding derived categories
(CdgA)(?, YA′ ) : DA → Dk.
When all these functors are applied to the triangles considered above, then we get
a family of quasi-isomorphism of complexes of k-modules
ΨA,A′ : C(YA, YA′)→ Y (A, YA′),
for each A,A′ ∈ A. This family underlies a quasi-isomorphism of left dg C-modules
ΨA,? : C(YA, ?) → Y (A, ?) for each A ∈ A. Hence, we have a family of quasi-
isomorphisms of left dg C-modules
ξA,?ΨA,? : C(YA, ?)→ Y ′(A, ?),
for A ∈ A. Notice that, since A is k-flat, for each A′ ∈ A the corresponding
restriction from C-A-bimodules to left dg C-modules preservesH-injectives. Indeed,
its left adjoint is ? ⊗k A and preserves acyclic modules. Then for each A′ ∈ A the
triangle functor
Cdg(Cop)(?, Y ′(A′, ?)) : H(Cop)→ Hk
preserves acyclic modules, and so it induces a triangle functor
Cdg(Cop)(?, Y ′(A′, ?)) : D(Cop)→ Dk.
When applied to the quasi-isomorphisms of left dg C-modules ξA,?ΨA,?, for A ∈ A,
it gives us quasi-isomorphisms of complexes
B′(Y ′(A, ?), Y ′(A′, ?))→ Cdg(Cop)((YA)∧, Y ′(A′, ?)),
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and so quasi-isomorphisms of complexes
ε : B′(Y ′(A, ?), Y ′(A′, ?))→ Y ′(A′, YA),
for each A,A′ ∈ A. It induces a quasi-isomorphism of right dg A-modules
ε : F∗B(?, Y ′(A, ?))→ Y ′(?, YA)
and we get an isomorphism of triangles
XA // A∧
ξ?,YAϕA // Y ′(?, YA) // X [1]
XA //
1
OO
A∧
F //
1
OO
F∗B(?, Y ′(A, ?))
ε
OO
// X [1]
1
OO
Notice that from this it follows that τY(A∧) = F∗B(?, Y ′(A, ?)) for each A ∈ A. By
infinite de´vissage of DB with respect to the set of modules B∧ , B ∈ B, the functor
F∗ : DB → DA has its image in Y. We can assume XA to be the restriction X(?, A)
of an A-A–bimodule X coming from the triangle induced by F in D(Aop ⊗k A).
Now, by using the adjunction (? ⊗LA U, F∗) one proves that the functor ? ⊗LA U :
DA → DB vanishes on the objects of X , where U is the A-B–bimodule defined by
U(B,A) := B(B,FA). In particular, it vanishes on X(?, A) and by Lemma 4 we
have proved that F∗ is a homological epimorphism.
Thanks to Lemma 2.3 we know that the modules F∗(B
∧) , B ∈ B, form a set
of compact generators of Y, and so, since F∗ is fully faithful, the essential image of
F∗ is precisely Y.
√
Remark. The above Theorem is related to subsection 5.4 of K. Bru¨ning’s Ph. D.
thesis [7] and section 9 of B. Huber’s Ph. D. thesis [19]. In particular, it generalizes
[7, Corollary 5.4.9] and [19, Corollary 9.8]. It is also related to B. Toe¨n’s lifting,
in the homotopy category of small dg categories up to quasi-equivalences, of quasi-
functors or quasi-representable dg bimodules to genuine dg functors (cf. the proof
of [49, Lemma 4.3]). Cf. also [26, Lemma 3.2].
Notice that, if F : A → B is a homological epimorphism of dg categories, the
bimodule X in the triangle
X → A F→ F∗B → X [1]
of D(Aop ⊗k A) has a certain ‘derived idempotency’ expressed by condition 4) of
Lemma 4, and plays the same roˆle as the idempotent two-sided ideal in the theory
of TTF triples on module categories [20, 47].
5. Parametrization for derived categories
Two homological epimorphisms of dg categories, F : A → B and F ′ : A → B′,
are equivalent if the essential images of the corresponding restriction functors, F∗ :
DB → DA and F ′∗ : DB′ → DA, are the same subcategory of DA.
Thanks to Theorem 4, we know that every homological epimorphism F starting
in a k-flat dg category is equivalent to another one F ′ which is bijective on objects.
Unfortunately, the path from F to F ′ is indirect. Nevertheless, there exists a
direct way of proving (without any flatness assumption) that every homological
epimorphism is equivalent to a ‘quasi-surjective’ one.
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Proposition. Every homological epimorphism F : A → B is equivalent to a ho-
mological epimorphism F ′ : A → B′ such that H0F ′ : H0A → H0B′ is essentially
surjective.
Proof. Let B′ be the full subcategory of B formed by the objects B′ such that
B′∧ ∼= (FA)∧ in DB (equivalently, B′ ∼= FA in H0B) for some A ∈ A. Put
F ′ : A → B′ for the dg functor induced by F . Now, the restriction j∗ : DB → DB′
along the inclusion j : B′ → B is a triangle equivalence. Indeed, thanks to condition
4) of Lemma 4 we know that the modules (jB′)∧ , B′ ∈ B′ form a set of compact
generators of DB; then one can apply the techniques of [23, Lemma 4.2]. Therefore,
the commutative triangle
DB
F∗
""F
FF
FF
FF
F
j∗ ≀

DB′
F ′∗
// DA
finishes the proof.
√
The following lemma shows that Theorem 4 virtually covers all the possible
compactly generated algebraic triangulated categories.
Lemma. Every compactly generated k-linear algebraic triangulated category (whose
set of compact generators has cardinality λ) is triangle equivalent to the derived
category of a small k-flat dg category (whose set of objects has cardinality λ).
Proof. Indeed, by B. Keller’s theorem (cf. subsection 2.5) we know that it is triangle
equivalent to the derived category of a small k-linear dg category A satisfying the
cardinality condition. If A is not k-flat, then we can consider a cofibrant replace-
ment F : A′ → A of A in the model structure of the category of small k-linear dg
categories constructed by G. Tabuada in [48], which can be taken to be the identity
on objects [49, Proposition 2.3]. In particular, F is a quasi-equivalence [27, subsec-
tion 2.3], and so the restriction along F induces a triangle equivalence between the
corresponding derived categories [27, Lemma 3.10]. Since A′ is cofibrant, by [49,
Proposition 2.3] for all objects A, A′ in A the complex A′(A,A′) is cofibrant in the
category Ck of complexes over k endowed with its projective model structure [18,
Theorem 2.3.11]. This implies that A′(A,A′) is H-projective. Finally, since the
functor ?⊗k k preserves acyclic complexes and the H-projective complexes satisfy
the principle of infinite de´vissage with respect to k, then ? ⊗k A′(A,A′) preserves
acyclic complexes.
√
Notice that, in a compactly generated triangulated category, smashing subcate-
gories form a set. This is thanks to H. Krause’s description of them [33, Corollary
12.5] and thanks to the fact that isoclasses of compact objects form a set (cf. [23,
Theorem 5.3]). Now we will give several descriptions of this set in the algebraic
case.
Theorem. Let D be a compactly generated algebraic triangulated category, and let
A be a k-flat dg category whose derived category is triangle equivalent to D. There
exists a bijection between:
1) Smashing subcategories X of D.
2) TTF triples (X ,Y,Z) on D.
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3) (Equivalence classes of) recollements for D.
4) Equivalence classes of homological epimorphisms of dg categories of the form
F : A → B (which can be taken to be bijective on objects).
Moreover, if we denote by S any of the given (equipotent) sets, then there exists a
surjective map R→ S, where R is the class of objects P ∈ D such that {P [n]}⊥n∈Z
is closed under small coproducts.
Proof. The bijection between 1) and 2) was recalled in subsection 2.4, and the
bijection between 2) and 3) was recalled in subsection 2.1. The map from 3) to 4)
is given by Theorem 4, and the map from 4) to 3) is clear from the comments at
the beginning of section 4. The surjective map R → S follows from Proposition
3.4.
√
6. Idempotent two-sided ideals
6.1. Generalized smashing conjecture: short survey. The generalized smash-
ing conjecture is a generalization to arbitrary compactly generated triangulated cat-
egories of a conjecture due to D. Ravenel [44, 1.33] and, originally, A. K. Bousfield
[6, 3.4]. It predicts the following:
Every smashing subcategory of a compactly generated triangulated category sat-
isfies the principle of infinite de´vissage with respect to a set of compact objects.
However, this conjecture was disproved by B. Keller in [22].
In [31], H. Krause gave the definition of being ‘generated by a class of morphisms’:
Definition. Let D be a triangulated category, X a strictly full triangulated sub-
category of D closed under small coproducts and I a class of morphisms of D. We
say that X is generated by I if X is the smallest full triangulated subcategory of D
closed under small coproducts and such that every morphism in I factors through
some object of X .
This is a generalization of the notion of infinite de´vissage (cf. subsection 2.2), at
least when the existence of certain countable coproducts is guaranteed, and allows
H. Krause the following reformulation of the generalized smashing conjecture:
Every smashing subcategory of a compactly generated triangulated category is ge-
nerated by a set of identity morphisms between compact objects.
This reformulation admits at least two weak versions of the conjecture, one of
which was proved by H. Krause [31, Corollary 4.7]: Every smashing subcategory
of a compactly generated triangulated category is generated by a set of morphisms
between compact objects.
In Corollary 6.4.2 below, we prove ‘the other’ weak version of the conjecture,
which substitutes “morphisms between compact objects” by “identity morphisms”
of Milnor colimits of compact objects.
6.2. From ideals to smashing subcategories. If D is a triangulated category,
we denote by Dc the full subcategory of D formed by the compact objects and by
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Mor(Dc) the class of morphisms of Dc. If D is the derived category DA of a dg
category A, then we also write Dc = DcA.
We write P(Mor(Dc)) for the large complete lattice of subclasses of Mor(Dc),
where the order is given by the inclusion. Notice that if D is compactly generated
and we take the skeleton of Dc instead of Dc itself we get a set. Also, we write
P(D) for the large complete lattice of classes of objects of D, where the order here
is also given by the inclusion. Consider the following Galois connection (cf. [47,
section III.8] for the definition and basic properties of Galois connections):
P(Mor(Dc))
?⊥ // P(D),
Mor(Dc)?
oo
where given I ∈ P(Mor(Dc)) we define I⊥ to be the class of objects Y of D
such that D(f, Y ) = 0 for every morphism f of I, and given Y ∈ P(D) we define
Mor(Dc)Y to be the class of morphisms f of Dc such that D(f, Y ) = 0 for every
Y in Y.
According to the usual terminology in the theory of Galois connections, we say
that a subclass I ofMor(Dc) is closed if I =Mor(Dc)I⊥ , and a class Y of objects
of D is closed if Y = (Mor(Dc)Y)⊥. Notice that a subclass I ofMor(Dc) is closed
if and only if I =Mor(Dc)Y for some class Y of objects of D. Similarly, a class Y
of objects of D is closed if and only if Y = I⊥ for some class I of morphisms of Dc.
If I is a subclass of Mor(Dc), we write I[1] for the class formed by all the
morphisms of the form f [1] with f in I.
The following lemma is an easy exercise.
Lemma. The Galois connection above induces a bijection between the class formed
by the closed ideals I of Dc such that I[1] = I and the class formed by the full
triangulated subcategories of D closed under small coproducts which are closed for
the Galois connection.
In the following result we explain how a certain two-sided ideal induces a nice
smashing subcategory or, equivalently, a TTF triple.
Theorem. Let D be a compactly generated triangulated category and let I be an
idempotent two-sided ideal of Dc with I[1] = I. There exists a triangulated TTF
triple (X ,Y,Z) on D such that:
1) X = Tria(P), for a certain set P of Milnor colimits of sequences of morphisms
of I.
2) Y = I⊥.
3) A morphism of Dc belongs to I if and only if it factors through an object of P.
Proof. Theorem 5.3 of [23] implies that Dc is skeletally small. Fix a small skeleton
of Dc closed under shifts. Let P be the set of Milnor colimits of all the sequences
of morphisms of I between objects of the fixed skeleton. Remark that P is closed
under shifts. Put (X ,Y,Z) := (Tria(P),Tria(P)⊥, (Tria(P)⊥)⊥).
First step: Tria(P)⊥ = I⊥. Notice that Tria(P)⊥ is the class of those objects
which are right orthogonal to all the objects of P . Hence, for the inclusion I⊥ ⊆
Tria(P)⊥, it suffices to prove D(P, Y ) = 0 for each P ∈ P and Y ∈ I⊥. For this,
let
P0
f0→ P1 f1→ P2 → . . .
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be a sequence of morphisms in I between objects of the fixed skeleton and consider
the corresponding Milnor triangle∐
i≥0
Pi
1−σ→
∐
i≥0
Pi → P →
∐
i≥0
Pi[1].
Since D(σ, Y [n]) = 0 for each n ∈ Z, we get a long exact sequence
. . .
1→ D(
∐
i≥0
Pi[1], Y )→ D(P, Y )→ D(
∐
i≥0
Pi, Y )
1→ . . .
which proves that D(P, Y ) = 0. Conversely, let Y ∈ Tria(P)⊥ and consider a
morphism f : P → P ′ of I. Put P0 := P and, by using the idempotency of I,
consider a factorization of f
P0
f //
f0   A
AA
AA
AA
A P
′
P1
g1
>>}}}}}}}}
with f0 , g1 ∈ I. We can consider a similar factorization for g1, and proceeding
inductively we can produce a sequence of morphisms of I
P0
f0→ P1 f1→ P2 → . . .
together with morphisms gi : Pi → P ′ of I satisfying gifi−1 = gi−1 , i ≥ 1 with
g0 := f .
P = P0
f0 //
f=g0 ##G
GG
GG
GG
GG
P1
f1 //
g1

P2 //
g2~~}}
}}
}}
}}
. . .
P ′
This induces a factorization of f
f : P → McolimPn → P ′
Since McolimPn is isomorphic to an object of P , then (DA)(f, Y ) = 0. This proves
that Tria(P)⊥ = I⊥.
Second step: (X ,Y,Z) is a triangulated TTF triple. Thanks to Corollary 2.4 it
suffices to prove that X is a smashing subcategory of D, i.e. that X is an aisle in
D and Y is closed under small coproducts. The fact that X is an aisle follows from
[43, Corollary 3.12]. The fact that Y is closed under small coproducts follows from
the first step, since the morphisms of I are morphisms between compact objects.
Third step: part 3). Notice that in the proof of the inclusion Tria(P)⊥ ⊆ I⊥
we have showed that every morphism of I factors through an object of P . The
converse is also true. Indeed, let g : Q′ → Q be a morphism between compact
objects factoring through an object P of P :
Q′
g

h

P // Q
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By definition of P , we have that P is the Milnor colimit of a sequence of morphisms
of I:
P = Mcolim(P0
f0→ P1 f1→ P2 → . . . )
Now compactness of Q′ implies that h factors through a certain Pn:
Q′
g

hn
ww
Pn pin
// P // Q
where πn is the nth component of the morphism π appearing in the Milnor triangle
defining P . One of the properties satisfied by the components of π is the identity:
πm+1fm = πm for each m ≥ 0. This gives the following factorization for g:
Q′
g

hn
tt
Pn
fn
// Pn+1 pin+1
// P // Q
Since fn belongs to the ideal I, so does g.
√
6.3. Stretching a filtration. The results of this subsection are to be used in the
proof of Proposition 6.4. Throughout this subsection A will be a small dg category.
We define S to be the set of right dg A-modules S admitting a finite filtration
0 = S−1 ⊂ S0 ⊂ S1 ⊂ . . . Sn = S
in CA such that
1) the inclusion morphism Sp−1 ⊂ Sp is an inflation for each 0 ≤ p ≤ n,
2) the factor Sp/Sp−1 is isomorphic in CA to a relatively free module of finite type
(i.e. it is a finite coproduct of modules of the form A∧[i] , A ∈ A , i ∈ Z) for
each 0 ≤ p ≤ n.
Lemma. 1) The compact objects of DA are precisely the direct summands of ob-
jects of S.
2) For each S ∈ S the functor (DA)(S, q?) : CA → Mod k preserves direct limits,
where q : CA → DA is the canonical localization functor.
3) For each S ∈ S the functor (CA)(S, ?) : CA → Mod k preserves direct limits.
Proof. 1) We know by [23, Theorem 5.3] that any compact object P of DA is a
direct summand of a finite extension of objects of the form A∧[n] , A ∈ A , n ∈ Z.
By using that every triangle of DA is isomorphic to a triangle coming from a
conflation of CA, we have that this kind of finite extensions are objects isomorphic
in DA to objects of S.
2) Let I be a directed set. We regard it as a category and denote by Fun(I, ?) the
category of functors starting in I. We want to prove that, for every object S ∈ S,
the following square is commutative:
Fun(I, CA)
lim−→ //
(I,(DA)(S,q?))

CA
(DA)(S,q?)

Fun(I,Mod k)
lim−→ // Mod k
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First step: We first prove it for S = A∧ , A ∈ A. That will prove assertion 2) for
relatively free dg A-modules of finite type. For an object A of A we consider the
dg functor F : k→ A, with F (k) = A and F (1k) = 1A. The restriction
F∗ : CA → Ck , M 7→M(A)
along F admits a right adjoint, and so it preserves colimits. Consider the commu-
tative diagram
Fun(I, CA)
lim−→ //
(I,F∗)

(I,(DA)(A∧,q?))
$$
CA
F∗

(DA)(A∧,q?)
zz
Fun(I, Ck)
lim−→ //
(I,H0)

Ck
H0

Fun(I,Mod k)
lim−→
// Mod k
Since F∗ preserves colimits, the top rectangle commutes. Since
lim−→ : Fun(I,Mod k)→ Mod k
is exact, the bottom rectangle commutes. Indeed,
lim−→H
0Mi = lim−→ cok(B
0 Mi → Z0Mi) = cok(lim−→(B
0 Mi → Z0Mi)) =
= cok(lim−→B
0 Mi → lim−→Z
0Mi) = cok(B
0 (lim−→Mi)→ Z
0(lim−→Mi)) = H
0 lim−→Mi.
Second step: Let S′ → S → S′′ be a conflation of CA such that S′ and S′′
(and hence all their shifts) satisfy property 2), and let M ∈ Fun(I, CA) be a direct
system. By using the cohomological functors (DA)(?,Mi) , (DA)(?, lim−→Mi), the
fact that lim−→ : Fun(I,Mod k) → Mod k is exact and the five lemma, we get an
isomorphism
lim−→(DA)(S,Mi)
∼→ (DA)(S, lim−→Mi)
3) By using the same techniques as in 2), one proves that relatively free dg
modules of finite type have the required property. Now, let S′
j→ S p→ S′′ be a
conflation such that S′ satisfies the required property and S′′ is relatively free of
finite type. For each N ∈ CA, this conflation gives an exact sequence
0→ (CA)(S′′, N) p
∨
→ (CA)(S,N) j
∨
→ (CA)(S′, N).
Let u ∈ (CA)(S′′[−1], S′) be a morphism whose mapping cone is Cone(u) = S. By
using the triangle
S′′[−1] u→ S′ j→ S p→ S′′
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and the canonical localization q : CA → DA we can fit the sequence above in the
following commutative diagram
0

(CA)(S′′, N)
p∨

(CA)(S,N)
j∨

q // // (DA)(S,N)
j∨

(CA)(S′, N)
ϕ

q // // (DA)(S′, N)
u∨

(DA)(S′′[−1], N) 1 // (DA)(S′′[−1], N)
The aim is to prove that the left-hand column is exact. Indeed, ϕj∨ = 0 since
u∨j∨ = 0. It only remains to prove that kerϕ is contained in im(j∨). For this, let
f ∈ (CA)(S′, N) be such that ϕ(f) = fu vanishes in
(DA)(S′′[−1], N)←
∼
(HA)(S′′[−1], N),
i.e. fu is null-homotopic. By considering the triangle above, one sees that f factor
through j inHA, i.e. there exists g ∈ (CA)(S,N) such that f−gj is null-homotopic.
Then, there exists h ∈ (CA)(IS′, N) such that f = gj + hiS′ , where iS′ : S′ → IS′
is an inflation to an injective module (for the graded-wise split exact structure of
CA). Since j is an inflation, then there exists g′ such that g′j = iS′ . Therefore,
f = gj + hiS′ = (g + hg
′)j belongs to im(j∨).
Finally, let M ∈ Fun(I, CA) be a direct system. Using assertion 2) and the
hypothesis on S′ and S′′, we have a morphism of exact sequences:
0

0

lim−→(CA)(S
′′,Mi)
∼ //

(CA)(S′′, lim−→Mi)

lim−→(CA)(S,Mi) //

(CA)(S, lim−→Mi)

lim−→(CA)(S
′,Mi)
∼ //

(CA)(S′, lim−→Mi)

lim−→(DA)(S
′′[−1],Mi) ∼ // (DA)(S′′[−1], lim−→Mi)
where the horizontal arrows are the natural ones. Hence, the second horizontal
arrow is an isomorphism.
√
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Proposition. Every H-projective right dg A-module is, up to isomorphism in HA,
the colimit in CA of a direct system of submodules Si , i ∈ I, such that:
1) Si ∈ S for each i ∈ I,
2) for each i ≤ j the morphism µij : Si → Sj is an inflation.
Proof. First step: Assume that an object P is the colimit of a direct system Pt , t ∈
T , of subobjects such that the structure morphisms µrt : Pr → Pt are inflations and
each Pt is the colimit of a direct system S(t,i) , i ∈ It, of subobjects satisfying the
following property (∗):
1) S(t,i) ∈ S for each i ∈ It,
2) for each i the morphism µ(t,i) : S(t,i) → Pt is an inflation.
Notice that 2) implies that for each i ≤ j the structure morphism µij : S(t,i) → S(t,j)
is an inflation.
Put I :=
⋃
t∈T ({t} × It) and define the following preorder: (r, i) ≤ (t, j) if r ≤ t
and we have a factorization as follows
S(r,i)
µ
(r,i)
(t,j) //
µ(r,i)

S(t,j)
µ(t,j)

Pr
µrt
// Pt
Notice that µ
(r,i)
(t,j) is an inflation. To prove that I is a directed preordered set take
(r, i) , (t, j) in I and let s ∈ T with r , t ≤ s. Since S(r,i) and S(t,j) are in
S, thanks to Lemma 6.3 we know that the compositions S(r,i) → Pr → Ps and
S(t,j) → Pt → Ps factors through S(s,ir) → Ps and S(s,jt) → Ps. Now, if ir , jt ≤ k
we have that (r, i) , (t, j) ≤ (s, k). Now, take the quotient set I ′ := I/ ∼, where
(r, i) ∼ (r′, i′) when (r, i) ≤ (r′, i′) ≤ (r, i). Notice that in this case r = r′ and the
inflations µ
(r,i)
(r,i′) and µ
(r,i′)
(r,i) are mutually inverse. Thus, S(t,i) , [(t, i)] ∈ I ′ is a direct
system of subobjects of P which are in S and whose colimit is easily seen to be P .
Second step: Let P be an H-projective module. The proof of [23, Theorem 3.1]
shows that, up to replacing P by a module isomorphic to it in HA, we can consider
a filtration
0 = P−1 ⊂ P0 ⊂ P1 ⊂ . . . Pn ⊂ Pn+1 · · · ⊂ P , n ∈ N
such that
1) P is the union of the Pn , n ∈ N,
2) the inclusion morphism Pn−1 ⊂ Pn is an inflation for each n ∈ N,
3) the factor Pn/Pn−1 is isomorphic in CA to a relatively free module (i.e. , a direct
sum of modules of the form A∧[i] , A ∈ A , i ∈ Z) for each n ∈ N.
Thanks to the first step, it suffices to prove that each Pn is the colimit of a direct
system of subobjects satisfying (∗). We will prove it inductively.
Third step: Notice that Pn = Cone(f) for a morphism f : L → Pn−1, where
L =
⊕
I A
∧
i [ni] , Ai ∈ A , ni ∈ Z. By hypothesis of induction, Pn−1 = lim−→Sj
where Sj , j ∈ J is a direct system satisfying (∗). Let FP(I) be the set of finite
subsets of I, and put LF =
⊕
i∈F A
∧
i [ni] for F ∈ FP(I). Notice that FP(I) is a
directed set with the inclusion, and that L = lim−→LF . Consider the set Ω of pairs
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(F, j) ∈ FP(I)× J such that there exists a morphism f(F,j) making the following
diagram commutative:
LF
f(F,j) //
uF

Sj
µj

L
f
// Pn−1
Ω is a directed set with the order: (F, j) ≤ (F ′, j′) if and only if F ⊆ F ′ and
j ≤ j′. Let µjj′ : Sj → Sj′ and uFF ′ : LF → LF ′ be the structure morphisms of
the direct systems Sj , j ∈ J and LF , F ∈ FP(I). Then one can check that
Cone(f(F,j)) , (F, j) ∈ Ω is a direct system of modules, with structure morphisms
[
µjj′ 0
0 uFF ′ [1]
]
: Cone(f(F,j))→ Cone(f(F ′,j′)),
and whose colimit is Cone(f) = Pn via the morphisms[
µj 0
0 uF [1]
]
: Cone(f(F,j))→ Cone(f) = Pn,
which are inflations. Finally, notice that, since there exists a conflation
Sj → Cone(f(F,j))→ LF [1]
with Sj ∈ S and LF [1] relatively free of finite type, then each Cone(f(F,j)) is in
S. √
6.4. From smashing subcategories to ideals.
6.4.1. H. Krause’s bijection. Recall (cf. [3, subsection 2.3] or [33, Definition 8.3])
that a two-sided ideal I of a triangulated category D is saturated if whenever there
exists a triangle
P ′
u→ P v→ P ′′ → P ′[1]
in D and a morphism f ∈ D(P,Q) with fu , v ∈ I, then f ∈ I.
After Theorem 11.1, Theorem 12.1, Corollary 12.5 and Corollary 12.6 of the
article [33] of H. Krause, an taking into account subsection 2.4, one has the following
nice bijection:
Theorem. If D is a compactly generated triangulated category, the maps
(X ,Y,Z) 7→ Mor(Dc)Y
and
I 7→ (⊥(I⊥), I⊥, (I⊥)⊥)
define a bijection between the set of TTF triples on D and the set of saturated
idempotent two-sided ideals I of Dc such that I[1] = I.
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6.4.2. General case. Let us deduce a bijection in the spirit of the above theorem
directly from Theorem 6.2 and the following result of H. Krause:
Proposition. Let X be a smashing subcategory of a compactly generated triangu-
lated category D. If P is a compact object of D, M is an object of X and f : P →M
is a morphism of D, then there exists a factorization in D
P
f //
u
  A
AA
AA
AA
M
P ′
>>||||||||
with P ′ compact and u factoring through an object of X .
Proof. This statement is assertion 2’) of [31, Theorem 4.2]. We will give here the
proof for the algebraic setting by using that, in this case, every smashing subca-
tegory is induced by a homological epimorphism. First, recall that the smashing
subcategory X fits into a TTF triple (X ,Y,Z) on D. Thanks to Lemma 5 we know
that there exists a small k-flat dg category A whose derived category DA is triangle
equivalent to D. Also, thanks to Lemma 6.3 we can assume that P belongs to the
set S defined in subsection 6.3. Let F : A → B be a homological epimorphism
of dg categories associated (cf. Theorem 4) to the TTF triple (X ,Y,Z), and fix a
triangle
X
α→ A F→ F∗B → X [1]
in D(Aop⊗kA). Assume M is H-projective, and let Si , i ∈ I, be a direct system of
submodules of M as in Proposition 6.3 so that M = lim−→Si. Then, we get a direct
system Si ⊗A X , i ∈ I, such that lim−→(Si ⊗A X) ∼= M ⊗A X . Since M ∈ X , for
each i ∈ I we have a commutative square
(DA)(P, Si ⊗A X) //

(DA)(P,M ⊗A X)
≀

(DA)(P, Si) // (DA)(P,M)
where the horizontal arrows are induced by the morphisms µi : Si →M associated
to the colimit and the vertical arrows are induced by the compositions
Si ⊗A X 1⊗α−→ Si ⊗A A −→
∼
Si
and
M ⊗A X 1⊗α−→
∼
M ⊗A A −→
∼
M.
According to Lemma 6.3, there exists an index i ∈ I such that f comes from a
morphism (DA)(P, Si ⊗A X) via the square above. Then, f factors in DA as
f : P → Si ⊗A X → Si µi→M
and the result follows from the fact that Si ∈ S and Si⊗AX ∈ X (see the comments
immediately after Lemma 4).
√
Here we have the promised bijection:
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Theorem. If D is a compactly generated triangulated category, the maps
(X ,Y,Z) 7→ Mor(Dc)Y
and
I 7→ (⊥(I⊥), I⊥, (I⊥)⊥)
define a bijection between the set of all the TTF triples on D and the set of all
closed idempotent two-sided ideals I of Dc such that I[1] = I.
Proof. Let (X ,Y,Z) be a TTF triple on the category D and put I :=Mor(Dc)Y .
Bearing in mind the Galois connection of subsection 6.2 it only remains to prove
that I is idempotent and I⊥ = Y.
It is easy to check that I is precisely the class of all morphisms of Dc which
factor through an object of X . Then, by using the above proposition we prove that
I is idempotent. Finally, let us check that I⊥ = Y. Of course, it is clear that Y is
contained in I⊥. Conversely, let M be an object of I⊥ and consider the triangle
xτXM →M → yτYM → xτXM [1].
Since both M and yτYM belongs to I⊥, then xτXM belongs to X ∩I⊥. Since the
compact objects generate D, if xτXM 6= 0 there exists a non-zero morphism
f : P → xτXM
for some compact object P . Thanks to the above proposition, we know that f
admits a factorization f = vu through a compact object with u in I, and so f = 0.
This contradiction implies xτXM = 0 and thus M ∈ Y.
√
Remark. When D is the derived category of a small dg category, the idempotency
of the ideals of the above theorem reflects the ‘derived idempotency’ of the bimodule
appearing in the characterization of homological epimorphisms (cf. Lemma 4).
As a consequence of Theorems 6.2 and 6.4.2 we get our announced weak version
of the generalized smashing conjecture:
Corollary. Every smashing subcategory of a compactly generated triangulated cat-
egory satisfies the principle of infinite de´vissage with respect to a set of Milnor
colimits of compact objects.
6.4.3. Algebraic case. For compactly generated algebraic triangulated categories we
get an alternative proof of H. Krause’s bijection as stated in Theorem 6.4.1.
Corollary. Let D be a compactly generated algebraic triangulated category. Then
(X ,Y,Z) 7→ Mor(DcA)Y
and
I 7→ (⊥(I⊥), I⊥, (I⊥)⊥)
define a bijection between the set of all the TTF triples on D and the set of all
saturated idempotent two-sided ideals I of Dc such that I[1] = I.
Proof. It is easy to check that every closed ideal of Dc is saturated. Therefore,
thanks to Theorem 6.4.2 we just have to prove that, in this case, every saturated
idempotent two-sided ideal I of Dc such that I = I[1] is closed. For this, let
I be a saturated idempotent two-sided ideal of Dc with I[1] = I. Consider the
TTF triple (X ,Y,Z) := (⊥(I⊥), I⊥, (I⊥)⊥) associated to I in Theorem 6.2, and
let P be a ‘set’ of Milnor colimits of sequences of morphisms of I as in the proof
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of that theorem. In particular, P is closed under shifts and Tria(P) = X . Put
I ′ := Mor(Dc)Y . Of course, I ⊆ I ′. The aim is to prove the converse inclusion,
which would imply that I is closed. Let f : Q′ → Q be a morphism of I ′ and
consider the triangle
xτXQ
δ→ Q η→ yτYQ→ xτXQ[1].
Since ηf = 0, then f factors through δ via the following dotted arrow:
Q′
f
||
0
""D
DD
DD
DD
D
xτXQ
δ
// Q
η
// yτYQ // xτXQ[1]
Theorem 4.3 of [23] says that we can assume that D is the derived category DA of
a small dg category A. Also, Lemma 6.3 allows us to assume that Q′ belongs to
the set S described in subsection 6.3. Thanks to Theorem 3.2 we know that xτXQ
can be taken to be, in the category of dg A-modules, the direct limit of a certain
λ-sequence X : λ → CA, i.e. a colimit-preserving functor X starting in an ordinal
λ (cf. [18, Definition 2.1.1]), such that:
- X0 = 0,
- for all α < λ, the morphism Xα → Xα+1 is an inflation with cokernel in P .
Then Lemma 6.3 implies that f factors through a certain Xα:
Q′
f
vv
0
""D
DD
DD
DD
D
Xα can
// xτXQ
δ
// Q
η
// yτYQ // xτXQ[1]
Let us prove, by transfinite induction on α, that if a morphism of I ′ factors through
some Xα then it belongs to I.
First step: For α = 0 it is clear since X0 = 0.
Second step: Assume that every morphism of I ′ factoring through Xα belongs to
I. Let f be a morphism of I ′ factoring through Xα+1:
Q′
f //
u
""D
DD
DD
DD
D
Q
Xα+1
v
==zzzzzzzz
In D we have a triangle
Xα
a→ Xα+1 b→ P γ→ Xα[1]
with P ∈ P , i.e. P is the Milnor colimit of a sequence
P0
g0→ P1 g1→ P2 → . . .
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of morphisms of I. By using compactness of Q′ we get a commutative diagram
Q′
f //
u

w
))
Q
Xα
a // Xα+1
b //
v
;;wwwwwwwww
P
γ // Xα[1]
Pt
pit
;;wwwwwwwwww
gt
// Pt+1
pit+1
OO
where πn is the nth component of the morphism π appearing in the definition of
Milnor colimit. Consider the following commutative diagram in which the rows are
triangles
Xα
at //Mt
bt //
ψ

Pt
γpit //
gt

Xα[1]
Xα
at+1 //Mt+1
bt+1 //
ϕ

Pt+1
γpit+1 //
pit+1

Xα[1]
Xα
a // Xα+1
b // P
γ // Xα[1]
Since γπtw = γbu = 0, then w = btw
′ for some morphism w′ : Q′ →Mt. Therefore,
bu = πtw = πtbtw
′ = bϕψw′, that is to say, b(u − ϕψw′) = 0 and so u − ϕψw′ =
aξ = ϕψatξ for a certain morphism ξ : Q
′ → Xα. Hence, u = ϕψ(w′ + atξ). Put
u′ := ψ(w′ + atξ). We get the following commutative diagram
Q′
f //
u′

Q
Xα at+1
//Mt+1
bt+1
//
vϕ
;;xxxxxxxxx
Pt+1 γpit+1
// Xα[1]
Notice that bt+1u
′ = bt+1ψw
′ + bt+1ψatξ = bt+1ψw
′ = gtbtw
′ belongs to I since so
does gt. Apply the octahedron axiom
Q′
u′ // Mt+1
bt+1

// L //

Q′[1]
Q′ // Pt+1

// N [1]
n[1]

c[1] // Q′[1]
u′[1]

Xα[1]
−at+1[1]

Xα[1]

−at+1[1]
// Mt+1[1]
Mt+1[1] // L[1]
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and consider the diagram
N
−c // Q′
bt+1u
′
//
f

Pt+1 // N [1]
Q
The morphism −fc = −vϕu′c = vϕat+1n belongs to I ′ (since so does f) and
factors through Xα. The hypothesis of induction implies that −fc belongs to I.
Since bt+1u
′ also belongs to I and I is saturated, then f belongs to I.
Third step: Assume α is a limit ordinal and that every morphism of I ′ factoring
through Xβ with β < α belongs to I. Then we have Xα = lim−→β<αXβ and Lemma
6.3 ensures that we have a factorization
Q′
f
zzuu
Xβ
can
// lim−→β<αXβ // Q
The hypothesis of induction implies that f belongs to I. √
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